Abstract-In this paper, we consider a nonlinear differential equation for describing nonlinear waves in a liquid with gas bubbles if the liquid viscosity and the interphase heat exchange are accounted for. Classical and nonclassical symmetries of this partial differential equation are investigated. We show that it is invariant under shift transformations in space and time. At an additional restriction on the parameters, this equation is also invariant under the Galilean transformation. Nonclassical symme tries of the equation in question are found by the Bluman-Cole method. Both regular and singular cases of nonclassical symmetries are considered. Five families of nonclassical symmetries admitted by this equation are specified. Invariant reductions corresponding to these families are obtained. With their use, families of exact solutions of the considered equation are found. These solutions are expressed in terms of rational, trigonometric, and special functions.
INTRODUCTION
Mathematical models of wave processes in a liquid with gas bubbles are used for describing processes and phenomena in physics, chemistry, biology, and other areas of science [1, 2] .
In [3] , the authors present a nonlinear differential equation for describing wave processes in a liquid with gas bubbles if the liquid viscosity and the interphase heat exchange in the case of dissipation predom inating are accounted for. This equation has the form (1) where u(x, t) is a dimensionless perturbation of the density of a gas-liquid mixture; t is the dimensionless time; x is a dimensionless coordinate; and α, β, μ, ν, and γ are dimensionless parameters defined by the physical characteristics of the gas-liquid mixture.
Particular exact solutions of Eq. (1) using the truncated expansions method [4] [5] [6] have been obtained in [3] . However, it is well known that methods for the group analysis of differential equations often allow one to extend classes of obtained exact solutions [7] [8] [9] . Up to now, there have been no studies of groups of transformations that are admitted by Eq. (1).
The aim of this work is to study classical and nonclassical symmetries of Eq. (1).
In Section 1, classical symmetries admitted by (1) [7] [8] [9] in order to analyze Eq. (1) . Using the scaling transforma tion, it can be shown that, without the loss of generality, we can put in (1) α = ν = 1. Then, from (1), we obtain the equation (2) In accordance with the classical Lie method, Eq. (2) is invariant under a one parameter group of trans formations with the components of a tangent vector field ξ(x, t, u), τ(x, t, u), and η(x, t, u) if ξ(x, t, u), τ(x, t, u), and η(x, t, u) satisfy the defining equation (3) for solutions of Eq. (2). Here, X (3) is the third prolongation of the infinitesimal operator X, (4) and this prolongation has the form (5) We substitute expressions for the components η t , η x , η xx , and η xxx of the prolongation of the tangent vector field in (3) and obtain the overdetermined linear system of partial differential equations for ξ, τ, and η. The general solution of this system for γ ≠ -1 has the form (6) where c 1 and c 2 are arbitrary constants.
In the case of γ = -1, the components of the tangent vector field have the form (7) where c 3 , c 4 , and c 5 are arbitrary constants. Thus, the algebra of operators that are admitted by Eq. (2) for γ ≠ -1 has the form (8) while, for γ = -1, this algebra is represented by the operators (9) The operators X 1 and X 2 generate groups of shift transformations in the variables x and t, respectively, while the operator X 3 correspond to a Galilean transformation group.
NONCLASSICAL SYMMETRIES OF A NONLINEAR DIFFERENTIAL EQUATION FOR DESCRIBING WAVES IN A LIQUID WITH GAS BUBBLES
Partial differential equations can admit symmetries that do not coincide with symmetries found by the classical Lie method. Such symmetries are called nonclassical; a method for finding them is proposed in the work by Bluman and Cole [10] . Consider the application of this method to Eq. (2).
In accordance with the method by Bluman and Cole [10] , consider the auxiliary equation (10) It is a condition of the invariance of an arbitrary surface in the space of the variables (x, t, u) under a group of transformations generated by the operator X. Then, consider the classical symmetries admitted by Eqs. (2) and (10) simultaneously. It can be shown that the invariance condition for Eq. (10) is fulfilled for any values of the components of the tangent vector field ξ, τ, and η (see [11, 12] ).
Note that, if X is an operator of nonclassical symmetry, then λX is also an operator of nonclassical sym metry for any function λ(x, t, u) identically unequal to zero [11, 12] . Hence, thereafter, it is necessary to consider two cases of the nonclassical operators X. The first of them is the case of τ ≠ 0; here, without the loss of generality, we can take that τ = 1. The second one is the case of τ = 0; here, without the loss of gen
0. = erality, we can take that ξ = 1. The case where τ = 1 is called regular and the case where τ = 0 is called singular [12] . At τ = 1, in order to find components of the tangent vector field, an overdetermined nonlin ear system of partial differential equations is obtained. In the case where τ = 0, to find the component of the tangent vector field η, a nonlinear partial differential equation is obtained. In [12] , it is shown that each solution of this equation generates a family of solutions of the investigated equation.
Consider the regular case τ ≠ 0 of nonclassical symmetries. Assuming that τ = 1 and applying the clas sical Lie method to Eqs. (2) and (10), we come to an overdetermined system of equations for ξ and τ. We solve this system for ξ and τ and find that these symmetries coincide with the symmetries that have already been obtained by the classical Lie method.
Applying the classical Lie method to Eqs. (2) and (10) for τ = 0 (ξ = 1), we obtain the equation for determining the component η The table presents values of the component of the tangent vector field η(x, t, u) that are found from Eq. (11). The constants c i , i = 6, …, 13 are arbitrary. In Section 3, we build invariant reductions of Eq. (2) corresponding to the components of the tangent vector field η i , i = 1, …, 5 that are presented in table.
EXACT SOLUTIONS AND INVARIANT REDUCTIONS OF A NONLINEAR DIFFERENTIAL EQUATION FOR DESCRIBING WAVES IN A LIQUID WITH GAS BUBBLES
Let us construct invariant reductions of Eq. (2) and obtain their exact solutions. Consider invariant reductions obtained by the classical Lie method. A linear combination of the oper ators X 1 and X 2 corresponds to the traveling wave reduction. This reduction and its exact solutions are con sidered in [3] . A linear combination of the operators X 1 , X 2 , and X 3 corresponds to Galilean transforma tion group. Solutions invariant under this transformation group have been also considered in [3] .
Let us study invariant reductions associated with the nonclassical symmetries presented in the table. Consider a reduction connected with the component of the tangent vector field η 1 . In this case, the invari ant variables have the form (12) Substituting (12) in Eq. (2), we get the ordinary differential equation for h(t):
Solving Eq. (13) andusing (12), we find the following solution of Eq. (2): (14) where C 1 is an arbitrary constant.
Invariant variables corresponding to the component of the tangent vector field η 2 have the form (15) Substituting (15) in Eq. (2), we obtain (16) By using (15) and (16), we find the following solution of Eq. (2): (17) where C 2 is an arbitrary constant. Consider the invariant reduction of Eq. (2) connected with the component η By using (18) and (19), we come to the solution of Eq. (2): (20) where C 3 is an arbitrary constant.
Analogously to the previous cases, by using the component of the tangent vector field η
4
, we come to the solution of Eq. (2) expressed in terms of the Bessel functions
where C 4 is an arbitrary constant and J λ and Y λ are the Bessel and Weber functions, respectively.
Note that (21) degenerates into the trivial solution at c 9 = 0. Therefore, it is necessary to consider this case separately. In fact, by using η 4 at c 9 , we come to the following solution of Eq. (2): (22) where C 5 is an arbitrary constant. Formula (22) assigns a two parameter family of solutions in the form of travelling waves. Now, we study the component of the tangent vector field η 
where C 7 is an arbitrary constant. Thus, in this section, the invariant reductions of Eq. (2) that are connected with components of the tangent vector field of nonclassical transformation groups are described (the components in question are presented in the table) and the exact solutions of these reductions are found.
CONCLUSIONS
We considered the nonlinear differential equation for describing waves in a liquid with gas bubbles. It is shown that, in the general case, this equation is invariant under two classical one parameter Lie groups. In the case of μ = β and γ = -1, Eq. (2) is also invariant under a Galilean transformation group.
With the Bluman-Cole method, the nonclassical symmetries admitted by Eq. (2) are found. By using these symmetries, invariant reductions of (2) are constructed. New families of exact solutions of Eq. (2) are found. 
